Unitary operations are a fundamental component of quantum algorithms, but they seem to be far more useful if given with a "quantum control" as a controlled unitary operation. The set of possible quantum operations extend beyond unitary operations. Nevertheless, it is not a priori clear if a controlled form of these general quantum operations can be well-defined. This paper proposes a mathematically consistent definition of a controlled form of general deterministic quantum operations and, more generally, of quantum combs for utilizing controlled quantum operations and combs in quantum computation. We propose a "neutralization" comb, which generates the identity operation to a particular set of input quantum operations, and study its controlled form based on our definition. We propose two new quantum algorithms for universal controllization of divisible unitary operations utilizing the most coherently controlled neutralization combs.
I. INTRODUCTION
Conditional operations describe a branch of operations depending on the input and are fundamental elements in classical and quantum computation [1] [2] [3] . In classical computation, the simplest conditional operation can be the one taking one bit as a control bit and applying an operation on a target system if the control bit is 1, otherwise leaving the target system unchanged. A quantum version of the conditional operation is the controlled unitary operation, which takes one qubit as a control qubit, and it applies a unitary operation on a target system if the input state of the control qubit is |1 and applies the identity operation if the input state of the control qubit is |0 . In quantum mechanics, an input state of the control qubit can be taken as an arbitrary superposition of |0 and |1 . For such an input control state in superposition of |0 and |1 , the output state of the quantum version of the conditional operation should be also a coherent superposition of the two branched output states. Controlled unitary operations are widely used in algorithms for quantum computation, for example, Kitaev's phase estimation algorithm [4] and deterministic quantum computation with one clean qubit (DQC1) [5] .
Recently, the effects of a quantum switch [6] , transforming quantum operations to a causally indefinite quantum operation given by a controlled superposition of differently ordered operations, for general quantum operations have been analyzed. It is reported that the generalized quantum switch enhances the communication capacity of the input channels, including the completely depolarizing channel [7] [8] [9] . While some allude the enhancement to the indefinitely causally ordered aspect of the quantum switch, others claim that such a phenomenon can happen in systems exploiting coherently controlled quantum operations without causally indefi-nite elements [10, 11] . Properties of the controlled quantum operations for general deterministic quantum operations depend on the definition, but what should be an "appropriate" definition for controlled quantum operations is yet well established.
In this paper, we seek an "appropriate" definition of a controlled general deterministic quantum operation for utilizing such controlled quantum operations in quantum computation by extending the definition of controlled unitary operations. In our definition, controlled quantum operations with different degrees of coherence are defined depending on the choice of an operator contributing coherence determined by an operator within the linear span of the Kraus operators. If the Hilbert-Schmidt norm of this operator is 0, it is classically controlled (no coherence) and if it is 1, it is fully coherently controlled as in the case of standard controlled unitary operations, and controlled quantum operations with intermediate coherence are also included. For each quantum operation, the maximal Hilbert-Schmidt norm of the operator is determined and we call the most coherently controlled quantum operation when such an operator is chosen.
We further extend our definition to a controlled version of quantum combs, a higher order quantum operation transforming quantum operations to other quantum operations [12, 13] . Then we show applications of the controlled quantum comb to achieve universal controllization, universally implementing maximally coherently controlled quantum operations, for divisible unitary operations by introducing the idea of neutralization comb that transforms any quantum operation into the identity operation. A controlled neutralization comb can perform a transformation from a quantum operation to its controlled version, although the maximal coherence may not be guaranteed in general. It has been shown that universal controllization of unitary operations maintaining full coherence is impossible with a single use of the unitary operation in preceding works [14] [15] [16] [17] . A necessary and sufficient condition for universal controllization for a set of unitary operations is derived in Ref. [18] . It has been also shown that if the unitary operation is given arXiv:1911.01645v1 [quant-ph] 5 Nov 2019 by a Hamiltonian dynamics, universal controllization is achieved with an arbitrarily small error by increasing the number of the division of the Hamiltonian dynamics [19] .
We propose two new quantum algorithms for universal coherent controllization of divisible unitary operations utilizing the most coherently controlled neutralization combs. Compared to the previously known algorithms, these algorithms are superior in the following points: the first one can achieve universal controllization of a unitary operator in an exact manner with only a finite number of division of the unitary operation; the second one is implemented without any auxiliary system. This paper is organized as follows. In Section 2, we consider the definition of a controlled version of general quantum operations. In Section 3, we extend the definition of the controlled quantum operations to controlled quantum combs. In Section 4, we investigate the relationship between quantum operations and quantum combs, by introducing the neutralization combs. We also present two quantum algorithms for universal controllization of unitary operations by using the fractional power of the unitary operation.
II. DEFINITION OF THE CONTROLLED QUANTUM OPERATIONS

A. Representations of quantum operations
We first summarize two representations of a general deterministic quantum operation [1] [2] [3] . Consider a quantum system of which Hilbert space is denoted by H. A quantum state of the quantum system is represented as a positive operator ρ on H with unit trace, which is referred to as a density operator. The action of a quantum operation A deterministically transforming a quantum state ρ on H into another quantum state ρ = A[ρ] on another system K can be represented as
where the set of the operators {K i } each of them transforming a state in H to K are called Kraus operators of the quantum operation. This representation of a quantum operation is referred to as Kraus representation [20] . The requirement that quantum operations preserve the trace of density operators leads to the condition i K † i K i = I, where I denotes the identity operator on H.
The quantum operation for a unitary operation U is represented as U[ρ] = U ρU † using the corresponding unitary operator U . The Kraus representation of a unitary operation consists of a single Kraus operator U . Note that the global phases of Kraus operators do not affect the action of a quantum operation, that is, {K i } and {e iθi K i } leads to the same quantum operation. In general, Kraus operators of a quantum operation are not uniquely determined, and there exist different sets of Kraus operators that represents the same quantum operation.
Another commonly used representation for general quantum operations is the Choi representation [21, 22] . In the Choi representation, a quantum operation A : L(H) → L(K) is represented as a linear operator on H⊗K called a Choi operator J A defined by
where |I := m |m |m is an unnormalized vector in a bipartite system H ⊗ H with a fixed orthonormal basis {|m } of H. When a quantum operation A is given by Eq. (1), the corresponding Choi operator can be written as
where |K i ∈ H ⊗ K is given by
In contrast to the Kraus operators, the Choi operator does not depend on the choice of Kraus operators and is uniquely determined by A.
In particular for a unitary operation U[ρ] = U ρU † , the corresponding Choi operator is given by
Note that the Choi operator for the identity operation described by the identity operator I on H to K is given by J I = |I I| on H ⊗ K, while the projector appearing |I I| in Eq. (2) is an operator on H⊗H. In the following of this paper, we explicitly specify the Hilbert space of the vectors and operators by the subscripts when it might be confusing, and omit the subscripts if it is trivial from the context for simplicity.
B. Controlled unitary operations
A controlled unitary operation is the quantum counterpart of a controlled reversible logic gate in classical computation. Conventionally, a controlled unitary operation is referred to as a quantum operation that coherently applies different unitary operations on a target quantum system depending on the state of an external qubit called a control qubit. For a d-dimensional unitary operation represented by a unitary operator U : H(= C d ) → K(= C d ), the controlled unitary operation C U can be defined by the corresponding unitary operator C U : H C ⊗ H → K C ⊗ K with H C = C 2 and K C = C 2 given as
where θ U is an arbitrary phase factor. The degree of freedom of the phase factor θ U is required in the definition since for unitary operators U and e iφ U with a global phase φ ∈ R representing the same operation U, the corresponding controlled unitary operations |0 0| ⊗ I + |1 1| ⊗ U and |0 0| ⊗ I + |1 1| ⊗ e iφ U are different unitary operations. This phase factor should be defined by a choice and cannot be determined just by specifying the unitary operation U. Even if we restrict U to be in SU(d), the degree of freedom of the phase factor e 2πi d remains and we need to specify which global phase to take for defining the controlled unitary operation described by C U .
The state of an additional control qubit system H C of C U conditions whether the given unitary operation is applied on the target system or not. Since the Kraus operator of the controlled unitary operation C U is C U , the Choi operator J C U on H C ⊗ K C ⊗ H ⊗ K for C U is given by
where |ii ∈ H C ⊗ K C for i, j = 0, 1 denotes a vector of the control system. An important characteristic of the controlled unitary operation C U defined by Eq. (7) is that it preserves coherence between the two different conditioned output states. It is also possible to define an incoherent version of a controlled unitary operation where the control qubit is first measured and then the unitary operation is applied or not depending on the measurement outcome. The Choi operator of such a incoherently controlled unitary operation is given by
We call J C cls U as a classically controlled version of a unitary operation represented by U . It is straightforward to generalize this classical controlled version of a unitary operation into the one for a general quantum operation, namely,
which is refereed to as a classically controlled version of a quantum operation in this paper.
C. Controlled quantum operations based on physical implementations
We seek an appropriate definition of controlled quantum operations by generalizing the definition of the controlled unitary operations preserving coherence J C U instead of the incoherent version J C cls U . In this subsection, we consider two possible generalizations based on two different implementation schemes of controlled unitary operations. It will turn out that both generalizations emerge to the same definition. The first definition of the controlled quantum operation is based on the Stinespring representation [23] of a quantum operation. For a quantum operation A represented by the Kraus operators given by {K i } n i=1 , it is always possible to define a unitary operator U on an extended quantum system H ⊗H aux by adding an auxiliary system H aux = C n+1 satisfying
where {|i } n i=0 is an orthonormal basis of the auxiliary system. Note that we take a particular U such that the summation over i starts from 1 instead of 0 in the r.h.s. of Eq. (12) to treat each Kraus operator K i for i = 1, . . . , n equally. This choice is equivalent to taking the Kraus representation {K i } n i=0 with K 0 = 0. We call this U as a purification of the Kraus representation {K i }. The quantum operation A can be represented as the reduced dynamics of this unitary operation as
which corresponds to the quantum circuit shown in Fig. 1 . By using Eqs. (8) and (12), the Choi operator of the corresponding controlled unitary operation J C U on H C ⊗ K C ⊗ H ⊗ K ⊗ H aux ⊗ K aux is given by
where |mm |X |0n is a tensor product of |mm ∈ H C ⊗ K C , |X ∈ H ⊗ K and |0n ∈ H aux ⊗ K aux . We had omitted the global phase dependence in Eq. (14) for simplicity, since it can be absorbed in the notation of {K i } by choosing the set of the Kraus operators including the choice of the phase factor. In the rest of this paper, we take this notation unless it is necessary to explicitly specify the global phase factor. By tracing out the auxiliary system H aux ⊗ K aux , the Choi operator of the reduced dynamics is obtained as
Clearly, this is the classically controlled version of a quantum operation A defined by Eq. (11) . Even when A is a unitary operation whose Kraus operator is given by a single element set {K 1 = V } of a unitary operator V , the construction of the Choi operator based on the purification given by Eq.
The loss of coherence in this purification originates from ignoring the freedom in the purification of the identity operation applied in the case that the control qubit is |0 . In other words, there is an asymmetry that the identity operation is implemented without purification while A is. The general form of the Kraus representation of the identity operation is given as
The corresponding purification U 0 of this Kraus representation of the identity operation is given as
Note that, U 0 is a unitary operator acting nontrivially only on the auxiliary system H aux . We consider that U 0 is applied when the control qubit is |0 instead of I on H ⊗ H aux in the controlled quantum operation. Then the corresponding unitary operator of the controlled operation C U,U0 is
The corresponding Choi operator is given as
By tracing out the auxiliary system H aux ⊗ K aux , we obtain
The corresponding quantum circuit is shown in Fig. 2 .
We take the definition given by Eq. (19) as the first definition of a controlled quantum operation. For a given quantum operation, controlled quantum operations with different degrees of coherence can be defined by changing the set of Kraus operators {K i } and coefficients {α i }. There is an extra freedom by introducing U0 applied to the auxiliary system depending on the state of the control qubit, which can be regarded as a purification of the identity operation. Given a fixed U , controlled quantum operations with all possible degree of coherence for a given quantum operation A is implementable by only changing U0.
In the appendix of Ref. [10] , a definition of a controlled quantum operation is introduced in terms of purification with an environment. They obtained a similar representation where α i = i|U 0 |0 in Eq. (19) is given by i|ε 0 with an initial state of the environment |ε 0 . The main difference between the definition of Ref. [10] and our definition is that we explicitly take a certain type of Kraus operators {K i } n i=0 satisfying K 0 = 0. By this choice of the Kraus operators and the corresponding purification U , the quantum circuit shown in Fig. 2 can implement controlled quantum operations with all possible degree of coherence by just choosing the coefficients {α i } or equivalently U 0 . We will analyze on the point at the end of Sec. II D.
The second definition of a controlled quantum operation is to use an additional dimension: which is based on the implementation of a controlled unitary operation in the optical interferometer system [15, 16, 24] . A controlled unitary operation C U can be implemented with an optical element of a unitary operation represented by U with the optical interferometer shown in Fig. 3 . This implementation utilizes the fact that any optical element does not affect the vacuum state. Taking the freedom of the vacuum, which is usually ignored in the formulation of optical elements, into account, a unitary operator U on a Hilbert space H can be represented as a unitary operatorŪ embedded into the one on a one-dimension larger Hilbert space H ⊕ C asŪ = U ⊕ |v v| where |v denotes the vacuum state.
An embedded unitary operationŪ is transformed to the corresponding controlled unitary operation CŪ by the optical interferometer shown in Fig. 3 . This transformation is represented by the following function f , namely, where |Ū = |U + |vv by definition of the embedded space, and the second equality holds because vv|Ū = 1.
Note that the function f only depends on JŪ , which is uniquely determined for a unitary operation. This optical interferometer implementation for a controlled unitary operation can also be extended for general quantum operations. A quantum operation A can be extended toĀ of a larger dimensional system by extending the Kraus operators asK i = K i ⊕ α i |v v|, where coefficients {α i } satisfying i |α i | 2 = 1 are necessary so that {K i } is also a Kraus representation of a quantum operation. For a quantum operation given by the Kraus operators {K i }, the controlled version given by the optical interferometer shown in Fig. 3 is uniquely determined by the Choi operator f (JĀ) as
where |ξ = |00 + |11 is a vector in H C ⊗ K C . Assuming that the input state of this extended operation does not contain the vacuum state, that is, it is orthogonal to |ψ ctrl |v , where |ψ ctrl is an arbitrary state of the control qubit, the third term in each bracket does not affect the result, and Eq. (27) is equivalent to Eq. (19) . As the two different definitions emerge to identical ones, we take the definition of the controlled quantum operation derived as
We stress that a characteristic property of this definition of a controlled quantum operation J C K i ,α i A is that it cannot be uniquely determined by the Choi operator J A , but depends on both the choice the Kraus operators {K i } and the coefficients {α i }. This is in contrast to the classical controlled version of a quantum operation J C cls A , which is uniquely determined for A irrespective to the choice of {K i } and {α i }.
D. Axiomatic definition of the controlled quantum operations
In this subsection, we define a controlled quantum operation in an axiomatic manner. We show that we can derive the definition of the form given in Eq. (28) from a small number of axioms. We consider that a controlled quantum operation should satisfy the following three criteria.
Axiom 1 (Axioms for controlled quantum operations).
The action of a controlled quantum operation of a quantum operation A satisfies the following three axioms.
1. If the state of control qubit is |0 or |1 , the state of the control qubit remains unchanged after applying the controlled quantum operation.
2. If the state of the control qubit is |0 , the identity operation is applied on the target system.
3. If the state of the control qubit is |1 , the quantum operation A is applied on the target system.
The form of the controlled quantum operation given by Eq. (28) can be derived from just these axioms as follows. A general form of the Kraus operators of a quantum operation on a composite system consisting of a control system and a target system is written by
Due to the first axiom, terms in L i that change the control qubit state must be zero, that is, that is,
To satisfy the second axiom, each A i must be proportional to identity, that is,
The third axiom implies that {D i } forms a Kraus representation of A. Therefore, the Kraus operator of the controlled quantum operation has to be in a form of
where i |α i | 2 = 1 and {K i } is a Kraus representation of A. The quantum operation given by the Kraus representation {L i } is equivalent to that of Eq. (28) . A controlled quantum operation is characterized by the parameters {α i } and {K i }, but not all different combinations of these correspond to all different controlled quantum operations in general, namely, these parameters are redundant. In the following, we provide a parameterization that uniquely determines a controlled quantum operation. By expanding Eq. (28), we obtain
A is a controlled quantum operation of A without coherence defined by Eq. (11) and K is the operator given by K = i α * i K i . As a Choi operator uniquely determines a quantum operation, the operator K fully specifies one controlled quantum operation of A without redundancy. Note that the operator K corresponds to the transformation matrix introduced in Ref. [10] . In the followings, we use the definition of the controlled quan-
Now we show that the quantum circuit shown in Fig. 2 can implement controlled quantum operations with all possible degree of coherence for a given quantum operation by choosing only the coefficients {α i } or equivalently U 0 . More precisely, given a fixed set of Kraus operators {K i } n i=0 with K 0 = 0, for any set of the Kraus operators {K j } m j=0 with K 0 = 0 and coefficients {α j } m j=0 with j |α j | 2 = 1, we can choose {α i } with i |α i | 2 = 1 to make the two resulting controlled quantum operations to be equivalent. This property implies that we can represent all possible controlled quantum operations for a given quantum operation by any choice of the Kraus operators with our definition given by Eq. (19) .
Since {K i } n i=0 and {K j } m j=0 represent the same quantum operation, K j = i u * ji K i holds with a unitary matrix (u ij ) [1] . Note that if n = m, we pad with K i , K j = 0 to make the number of Kraus operators to be the same. In order to implement the controlled quantum operation with K = j (α j ) * K j , by consid-
Note that the phase of α 0 can be chosen arbitrarily as the corresponding Kraus operator is K 0 = 0. For n ≥ m, n i=0 |α i | 2 = 1 is satisfied by construction. Thus, for a given set of the Kraus operators {K i } n i=0 with K 0 = 0, we can choose only the coefficients {α i } to define controlled quantum operations with all possible degree of coherence, and it also indicates that the quantum circuit shown in Fig. 2 can be used to implement corresponding all possible controlled quantum operations.
E. Most coherently controlled quantum operation
The controlled quantum operation defined by C K A contains different types of controlled quantum operations including the classically controlled version of quantum operations depending on the choice of K. However, in quantum information processing, keeping coherence or superposition of states is important and thus we consider how to characterize the most coherently controlled quantum operation in this subsection.
Since we focus on the coherence between the different states of the control qubit, we consider the (block) off-diagonal term of the corresponding Choi operator of a controlled quantum operation. Especially, we analyze the off-diagonal term of the Choi operator indicating coherence of a controlled quantum operation given by
The trace norm of ∆J C K A corresponds to a distance measure between quantum operations [25] . We regard that the controlled quantum operation that has the largest norm of the off-diagonal term, which can be also interpreted to be the most distant one from the classically controlled version, as the quantum mechanically most coherent one. Here ∆J C K A has only two non-zero eigenvalues λ = ± √ d Tr [K † K] and the corresponding two eigenstates are given by ( 
According to Eq. (34), C K A with maximum quantum coherence (in the sense of the Schatten p-norm) is obtained by maximizing the Hilbert-Schmidt norm of K. In order to calculate the Hilbert-Schmidt norm, we introduce the orthogonal Kraus representation {K j } as follows. For any quantum operation A, we can take a set of mutually orthogonal Kraus 
where δ i≤m denotes a step function, namely, δ i≤m = 1 for i ≤ m and otherwise δ i≤m = 0. By using the orthogonal Kraus representation {K i }, the Hilbert-Schmidt norm of K is represented as
We define a subset of the index of the orthogonal Kraus operators {K i } of a quantum operation A with the maximum Hilbert-Schmidt norm as
It is clear from Eq. (36) that the operator K for the maximum coherence is obtained by appropriately choosing the coefficients {α i } for the orthogonal Kraus operators with the maximum Hilbert-Schmidt norm as
We can construct an orthogonal Kraus representation of A which includes K as one of the Kraus operator. In other words, K is one of the possible Kraus operators of A which has the maximum Hilbert-Schmidt norm. In the following, we call a controlled quantum operation of A described with the maximum Hilbert-Schmidt norm of K as the most coherently controlled quantum operation. In particular, when the maximal Hilbert-Schmidt norm of K is 1, we refer such a controlled quantum operation to as the fully coherently controlled quantum operation. The controlled unitary operations given by Eq. (9) is the fully coherently controlled quantum operation as expected. For any given K = i β * iK i with i |β i | 2 ≤ 1, and a given set of Kraus operators {K i } n i=0 with K 0 = 0, we can choose a set of coefficients {α i } with i |α i | 2 = 1 so that K = n i=0 α * i K i . Remark that the definition of a controlled quantum operation can be generalized by replacing the identity operation applied when the state of the control qubit is |0 by another general quantum operation, such as the depolarizing channel. Such kinds of controlled quantum operations are considered in Ref. [10, 11] . However, it is difficult to evaluate the coherence in general for such cases, and it is not clear what can be regarded as the most coherently controlled quantum operation. Nevertheless, the most coherently controlled quantum operation can be easily extended to the case that another quantum operation described by a single Kraus operator, e.g., an isometry V , is applied when the state of the control qubit is |0 , instead of the identity operation. In this case, by replacing the identity operator by the isometry V in Eq. (30), all the calculation directly follows, and the eigenvalue to calculate Eq. (34) becomes
Since the trace preserving condition is given as V † V = I for deterministic quantum operations, we obtain the same value of coherence as Eq. (34).
III. DEFINITION OF THE CONTROLLED QUANTUM COMBS
A quantum operation transforms a given quantum state to another quantum state. Similarly, we can define a higher order transformation, a transformation of a quantum operation to another quantum operation. Quantum mechanically implementable transformations between quantum operations are investigated in Ref. [12, 13] , and we summarize the relevant results for this paper in the following.
Mathematically, we consider the situation that we transform N quantum operations A i : L(H 2k−1 ) → L(H 2k ) for i = 1, . . . , N to a target quantum operation A 0 : L(H 0 ) → L(H 2N +1 ). Since any quantum operation can be described uniquely by its Choi operator, higher order transformations between quantum operations can be described as transformations between the corresponding Choi operators. We denote this transformation as S :
The transformation S is linear, and can be described by an operator J S ∈ L(H 0 ⊗ H 1 ⊗ · · · ⊗ H 2N +1 ), which is also called as a Choi operator of the higher order transformation S. In the quantum circuit formalism presented in [12, 13] , it is assumed that the quantum circuits implementing A i can be used only once for each i in turn. Then the conditions for the transformation described by J S are given by
for k = 0, 1, . . . , N , where J (2k+1) S := Tr 2k+2,...,2N +1 J S , and d 2k is the dimension of H 2k . This type of transformations of quantum operations to another quantum operation is called a quantum comb and it is represented as in the diagram in Fig. 4 . Since a quantum comb is a linear and completely positive map similarly to quantum operations, S can also be represented by the Kraus operators {S i } as follows.
. Also, the Kraus representation and the Choi representation are related as
Note that the conditions for S i is different from i S † i S i = I, which is the condition for a quantum operation to be trace-preserving. Instead of this tracepreserving condition in the quantum operation case, the conditions for S i are determined by the conditions given by Eq. (41). In Appendix A, we rewrite this condition in terms of the Kraus representation.
Similarly to quantum operations, which can be implemented in a quantum circuit by adding an auxiliary system, any quantum comb can be implemented in a quantum circuit by adding an auxiliary system and inserting quantum gates before and after the input operations [12, 13] . Note that the circuit implementation of a quantum comb is also not unique, similarly to the case of a quantum operation.
In the following, we define the controlled version of a quantum comb analogous to the quantum operation case of Eq. (32) shown in the previous section. In the definition of a controlled quantum comb, it is not straightforward to define an identity comb corresponding to the identity operation required for defining controlled quantum operations. In this paper, we consider the following quantum comb as the identity comb. Assuming that dim H 2k = dim H 2k+1 , we define the identity comb S id , in which the state in H 2k is unchanged and transferred to H 2k+1 . This quantum comb is represented as
with the Kraus operator given by
The action of this quantum comb is given by
Note that the following arguments of this section can be generalized to the case that the quantum comb is described by a single Kraus operator, instead of this identity comb. Analogous to the controlled quantum operation defined by Eq. (32), we define the controlled version of quantum comb C S as in Fig. 5 by the following Choi operator
where S = i α * i S i with i |α i | 2 = 1 and S id is the identity comb. Notice that if we trace out the final system, which includes the control qubit system, the third and fourth terms vanishes. Thus, it is clear if the quantum comb to be controlled satisfies the condition given by Eq. (41), the controlled version also satisfies the same condition.
Moreover, as in the quantum operation case, we can define the most coherently controlled quantum comb in terms of the operator S by
where {S i } is an orthogonal Kraus representation of the quantum comb S and
IV. CONTROLLIZATION OF UNITARY OPERATIONS WITH A CONTROLLED NEUTRALIZATION COMB
A. Neutralization comb and controlled quantum operations
We investigate the relationship between controlled quantum operations and controlled quantum combs defined in the previous sections to seek applications of controlled quantum combs in quantum computation. We consider a class of quantum combs which we call neutralization combs, i.e., quantum combs transforming any input quantum operation into the identity operation. A quantum comb N which takes N quantum operations A 1 , . . . , A N as inputs is a neutralization comb if
where J id is the Choi operator of the identity operation. Note that the condition given by Eq. (50) does not uniquely determines a neutralization comb, there are many quantum combs satisfying Eq. (50) forming a class of neutralization combs. When we have quantum operations A 1 , . . . , A N as input operations of a controlled neutralization comb, the resulting quantum operation is a controlled quantum operation of A N • · · · • A 1 . That is, if the control qubit is in |0 , the controlled quantum operation applies the identity operation, and if the control qubit is in |1 , it applies A N • · · · • A 1 . (See Axiom 1) From now on, for adopting the standard notation of controlled quantum operations, we exchange the state of the control qubit when the identity comb is applied and when a neutralization comb is applied from now on. Namely, we apply the neutralization comb if the control qubit is in |0 and apply the identity comb if the control qubit is in |1 , so that the role of the control qubit of the resulting controlled quantum operation coincides with the standard definition of controlled quantum operations.
One way to implement a neutralization comb is to apply the input quantum operations on the auxiliary system, and then discarding the auxiliary system. Mathematically, this neutralization comb is described as
where H in = It would be the first guess to simply use this neutralizing comb for defining a most coherently controlled neutralization comb and then obtain the most coherently controlled quantum operation. However, the most coherently controlled neutralization comb does not necessarily provide the most coherently controlled quantum operation in general. For example, consider the neutralization comb given by Eq. (51) for N = 1. When A 1 is a single unitary operation described by U , the corresponding most coherently controlled operation is given by the controlled unitary operation C U defined as Eq. (7) . However, it is shown that the controlled unitary operation is not implementable in this situation [14] [15] [16] [17] , regardless of how the controlled neutralization comb is defined.
Nevertheless, the most coherently controlled neutralization comb can implement the action of the most coherently controlled quantum operation by restricting the set of the input quantum operations. One example of such a restricted set is the set of unitary operations of which one of the eigenstate of the unitary operator U is given, that is, {U | U |ψ = e iθ U |ψ } where |ψ is an eigenstate and θ U is an arbitrary phase. Consider the controlled neutralization comb given by Eq. (51). It is easy to see that if we set the auxiliary state to be ρ = |ψ ψ|, the controlled unitary operation is implemented. Mathematically, this neutralization comb is described by J N = |I I| 03 ⊗ |ψ ψ| 1 ⊗ I 2 . As shown in the previous sections, only the eigenvector which has the maximal norm contributes for the most coherently controlled comb. In this case, it is possible to choose any elements as |S 0 = |I 03 ⊗ |ψ 1 ⊗ |φ 2 with an arbitrary state |φ . By requiring the controlled version of the identity operation id H→K is still the identity operation id H C ⊗H→K C ⊗K , we obtain |φ = |ψ * , and the corresponding controlled neutralization comb is given by
A quantum circuit for this implementation of the neutralization comb is shown in Fig. 7 . The action of this controlled neutralization comb J C N for U is given as
where the last equality holds due to coherently controlled unitary operation is possible. In this case, we assume that the input unitary operation is described by a d-dimensional unitary operator U , and we use this unitary operation n times. Note that in this case, the output of the identity comb is given by U n , and the controlled quantum operation that we are aiming to implement is given by
Similarly to the case of the single input operation analyzed in the previous subsection, we assume that the neutralization comb is achieved by a preparation of an auxiliary state and then trace out the auxiliary system. This neutralization comb can be written as
The controlled version of this neutralization comb is described by |S 0 = λ|I ⊗ |ψ ⊗ |φ with arbitrary states |ψ , |φ and a normalization constant |λ| ≤ 1. The action of this controlled comb is
As we require this to be the Choi operator of the controlled unitary operation,
we obtain the condition for the off-diagonal coherence term
or equivalently,
Notice that the maximally entangled state can be written as |I = i |ii = i |ψ i ψ * i , where {|ψ i } is an arbitrary basis, the off-diagonal coherence term can be evaluated as
and its absolute value is |λ|| φ * |(U ⊗n )|ψ |. This can achieve 1 only if |λ| = 1 and |ψ = e iθ U U ⊗n |φ . Thus, we obtain the necessary condition that |ψ is invariant under the action of U ⊗n . This condition is equivalent to the existence of a one-dimensional invariant subspace of U ⊗n , which, by considering the Schur-Weyl duality, happens if and only if n is a multiple of d = dim U . Thus the necessary condition for most (and fully) coherently controlled unitary operation Eq. (58) to be implementable, i.e., n is a multiple of d, is shown. This condition is also the sufficient condition. That is, if there exists an invariant state |ψ under the action of U ⊗n , the quantum circuit shown in Fig. 8 implements the most coherently controlled unitary operation. If a unitary operation is generated by a timeindependent Hamiltonian dynamics U = e −iHt , division of the time evolution by d is possible by selecting the duration time to be t/d, namely, U 1/d = e −iHt/d . For such divisible unitary operations, we can consider the controllization of U by using V = U 1/d for d times. The quantum circuit shown in Fig. 8 implements the desired controlled unitary operation C U . In this case, if we take U ∈ SU(d), the ambiguity of the global phase e 2πi/d disappears as the global phase is multiplied d times.
For completeness, the Choi operator for the controlled neutralization comb is given by
Here |A d is the invariant state satisfying U ⊗d |A d = (det U )|A d for all U ∈ U (d). More explicitly, |A d is the d-dimensional totally antisymmetric state,
where S d is the d-dimensional symmetric group and σ denotes a permutation. An iterative algorithm to generate |A d is shown in Ref. [26] . A quantum circuit implementation for the controlled divisible unitary operation described by U based on the most coherently controlled neutralization comb is given by replacing U by V = U 1/d in the quantum circuit shown in Fig. 8 . Remark that in this section, we assume that the Choi operator of the neutralization comb has the form of Eq. (56), which is implemented by first preparing a quantum state on the auxiliary system, and discard the auxiliary system at the end. If we further restrict the initial state of the auxiliary state to be a pure state, the necessity of the requirement a one-dimensional invariant state is trivial since it is equivalent to an invariant pure state. However, if we allows to prepare a mixed state for the initial state of the auxiliary system, the maximally mixed state, I/d, is invariant under the action of unitary operations. Although the invariant states exist both in pure and mixed state, only the pure invariant state can contribute for exactly implementing the most coherently controlled divisible unitary operation. However, in approximate cases, the maximally mixed state has been utilized for implementing controlled divisible unitary operation with a randomization algorithm shown in [19] .
C. Basis randomization comb with Pauli operators
In this subsection and the next subsection, we consider an approximate neutralization comb employing random unitary operators, which we call a basis randomization comb. The idea of using random unitary operators to implement controllization of a unitary operation described by Hamiltonian dynamics was introduced in Ref. [19] , where a randomization is applied to an auxiliary system of which initial state is prepared in the maximally mixed state. Here we show that a similar effect can be implemented by applying randomization to the target system directly, instead of using an auxiliary system for the case of d = 2.
While the introduction of a basis randomization comb is intended to apply to infinitesimal Hamiltonian dynamics, i.e., a unitary operation close to the identity operation for obtaining the approximate controllization of Hamiltonian dynamics, the definition of a basis randomization comb is valid for any quantum operation. A generalization of the basis randomization comb for general d-dimensional systems is also straightforward.
FIG. 9. Quantum circuit for the basis randomization comb. The input quantum operation is A, and the action of the basis randomization comb is given by applying a pair of unitary operations, Ui randomly chosen from a set {Ui} and its inverse U † i , before and after the quantum operation A.
Consider a quantum operation A : L(H 1 = C 2 ) → L(H 2 = C 2 ) of which Choi operator on H 1 ⊗ H 2 is given by
where I, X, Y, Z represent the Pauli operators and c α,β is a coefficient. We consider the basis randomization comb R S implemented by the quantum circuit shown in Fig. 9 for a set of unitary operators R := {U i }. The unitary operators composing the set R are not necessary to be mutually orthogonal in general. We assume a unitary operator in the set is chosen uniformly randomly with probability 1/ |R| for simplicity. We analyze the cases for two sets for R, a set consists of the Pauli operators in this subsection and another set consists of the Clifford operators in the next subsection. The action of R R on A denoted as A R is given by
which is implemented by applying a pair of unitary operations, U i randomly chosen from a set {U i } and its inverse U † i , before and after the quantum operation A. The Choi operator of the basis randomization comb R R is given by
on H 0 ⊗H 1 ⊗H 2 ⊗H 3 . The Choi operator of the quantum operation transformed by the basis randomization comb J R R for the input quantum operation A is given by
We investigate the action of the basis randomization comb with a set of the Pauli operators R P := {U 0 = I, U 1 = X, U 2 = Y, U 3 = Z} in this subsection. A set of the Pauli operators R P forms a 1-design [27, 28] . In the next subsection, we analyze the basis randomization comb with a set of the Clifford operators R C , which forms a 1-, 2-and 3-design [27, 28] to investigate the difference caused by the sets of unitary operators used in the basis randomization comb.
For simplifying calculations, we introduce vectors v (i) defined as v (i)
A set of vectors v (i) forms an orthonormal basis of R 4 . The Pauli operators satisfy a commutation rule
Since the Choi operator J A can be decomposed in terms of the orthogonal basis {|U i } as (equivalent to Eq. (65))
the Choi operator of the transformed quantum operation J A R P is calculated to
Thus, the basis randomization comb with R P transforms the quantum operation A to the quantum operation A R P of which Choi operator is given by
where X , Y and Z denote the unitary operations represented by the Pauli operators X, Y and Z, respectively, and J X , J X and J Z are the Choi operators of the corresponding Pauli operations. Now we consider a class of unitary operations given by infinitesimal Hamiltonian dynamics of a timeindependent Hamiltonian H as δU = e −iHδt , we can construct an approximate neutralization comb transforming any unitary operation in this class to the identity operation with an error of O(δt 2 ) by using the basis randomization comb J R R P . For a unitary operation δU described by a unitary operator δU = e −iHδt = I − iHδt + O(δt 2 ), the Choi operator of the transformed operation by the basis randomization comb is given by using Eq. (68) as
We see that the approximate neutralization is realized if the second and third terms in Eq. (74) vanish. We further consider a quantum operation given by U = e −iHt , and apply the basis randomization comb with R P for each time interval δt = t/n where n is the number of division of the Hamiltonian dynamics in the duration time t. In this case, by considering δU = I − iHδt − 
When the basis randomization comb is applied for n times, the resulting quantum operation is given by ( δU R P ) n . Since any multiplication of Pauli operations results also a Pauli operation, the Choi operator of this operation can also be decomposed in the form of Eq. (73), namely,
Thus, for large enough n, the basis randomization comb with R P transforms any unitary operation generated by Hamiltonian dynamics to
which is close to the identity operation, and thus this basis randomization comb is an approximate neutralization comb if it is applied for a unitary operation generated by Hamiltonian dynamics with a small enough interval t/n for n times. The controlled version of (a single element of) this basis randomization comb J C R R P is determined by an operator S 0 as
Note that the corresponding Kraus representation is given by
The action of J R R P on the Choi operator of an arbitrary unitary operation |U U | is
and U * ||S 0 in the off-diagonal coherence term is evaluated as
where the subscripts denote the indices of the Hilbert spaces of the target system. By requiring the most coherently controlled identity operation on the target system is also the identity operation in the extended system including the control system, i.e., I → |0 0| ⊗ I + |1 1| ⊗ I, Eq. (80) should satisfy
Thus, the coefficients are α i = 1/2 for all i, and the operator S 0 is uniquely determined as
We also obtain
Therefore, a Kraus representation of this most coherently controlled neutralization comb is given by
and one possible implementation in the quantum circuit is shown in Fig. 10 . 10 . Quantum circuit for the controlled basis randomization comb. The input quantum operation is A, and the action of the basis randomization comb is given by applying a pair of controlled unitary operations CU i chosen uniform randomly from a set {Ui} and its inverse C † U i before and after the quantum operation A. By repeating this circuit n times, the controlled unitary operation of a Hamiltonian dynamics U = e −iHt is implemented with an error of O(1/n) with the global phase factor θU = (TrH/d)t.
When we apply this controlled basis randomization comb for n times, since this comb does not change the state of the control qubit, the term corresponding to Eq. (80) is evaluated as
For the case U = e −iHδt = I − iHδt − H 2 δt 2 /2 + O(δt 3 ) with δt = t/n, we have
and we obtain 1
Finally, we obtain the Choi operator of the quantum operation transformed from U = e −iHt by the controlled basis randomization comb with R P as
which converges to the (fully coherently) controlled unitary operation, that is C e −iHt = |0 0| ⊗ I + |1 1| ⊗ e i(TrH/d)t e −iHt in the limit of n → ∞.
D. Basis randomization with Clifford operators
In the previous subsection, we considered the basis randomization using a set of the Pauli operators R P , for aiming to "nullify" the terms of O(δt) in Eq. (74). The Choi operator of the transformed operation by the basis randomization comb given by Eq. (68) is of the form
Since the Choi operator of the identity operation, |I I|, is the fixed point of dU (U † ⊗ U T ) · (U † ⊗ U T ) † , it is expected that this integral transforms any Choi operator approximately to |I I|.
The corresponding effect can be achieved for
we choose the set S = {U i } to be a 2design (by the definition of 2-design) [28] . Thus, the basis randomization by a 2-design may behave better than a 1-design, that is, the Pauli randomization. In this subsection, we analyze the basis randomization comb employing a 2-design using a set of the Clifford operators of a 1-qubit system.
We first summarize the properties of the Clifford group that we use in the following [29] . Clifford group G C is the group of the operators by whom conjugation transforms any Pauli operator of the Pauli group G P into another Pauli operator, that is,
Note that the Clifford group has a trivial center Z Z = {±I, ±iI, ±e i π 4 I, ±e 3i π 4 I},
of which element can only change the global phase. In the density operator formalism, any unitary operator representing a unitary operation appears together with its complex conjugate, and thus the effect of the global phase is always canceled. Thus, we only consider R C , the residue class of G C divided by Z, that is, R C := G C /Z. Since the set of the Pauli operators R P is a normal subgroup of R C , we can define the residue group R C/P := R C /G P . The representative elements of R C/P is given by the following six operators R C/P = {V σ }, where σ is a permutation among {1, 2, 3},
(94)
The Choi operator J A R C of the quantum operation A transformed by the basis randomization comb with the set of the Clifford operators R C is given by
Since V † j αV j and V † j βV j are Pauli operators by the definition of the Clifford operators, we obtain
similarly to the calculation in Eq. (72). Note that the following formula holds for α = U i for i = 0, 1, 2, 3,
where we set σ(0) := 0. This means the matrix element spanned by |X , |Y , |Z is completely mixed by Clifford operations. Therefore, we obtain
By using the depolarizing channel D := (id + X + Y + Z)/4, the Choi operator of the the transformed operation is also represented as
Similarly to the case of the basis randomization comb with R P , we consider the quantum operation given by a time-independent Hamiltonian H, i.e. U = e −iHt , and apply the basis randomization comb for each time interval δt = t/n. When the basis randomization with R C is applied for n times, the Choi operator of the transformed operation is given by
The coefficient of J id coincides with that for the case with R P up to the order 1/n. However, the basis randomization comb with R C performs worse than the case with R P in the sense that the coefficient of J id is smaller, when the terms of O(1/n 2 ) are considered. The basis randomization comb with R C transforms any unitary operation generated by Hamiltonian dynamics to
which is close to the identity operation with error of O(1/n), and thus this basis randomization comb is an approximate neutralization comb. The most coherently controlled version of (a single element of) the basis randomization comb J C R R C is determined by an operator S 0 similarly to the case of with R P . The Kraus representation of the basis randomization comb with R C is given by { 1
Since the dimension of the linear span of L(C 2 ⊗C 2 ) is 16 while this set contains 24( > 16) elements, this set of operators is over-complete. Thus we need to find an orthogonal Kraus representation. The span of the Kraus representation is invariant under the swap operation U swap between the first and the second Hilbert space, because any element is of the form K = i α i U i ⊗ U † i with U i ∈ R C , and U swap KU swap is also in the span. Thus, the span is in the d(d + 1)/2 = 10 dimensional symmetric subspace. By calculating the spectral decomposition of the Choi operator corresponding to this Kraus representation, we can check that the Kraus operators actually span the 10 dimensional symmetric subspace. Specifically, the Kraus representation is given by
where {S i } is a set of orthogonal operators in the symmetric subspace satisfying TrS † i S i = 1/3 for i = 1, . . . , 9.
Note that TrS † 0 S 0 = 1. Thus, the off-diagonal coherent term of the most coherent controlled comb is characterized by
which coincides to the case with the basis randomization with Pauli operators 2 . This indicates that the maximum off-diagonal coherent term are same for controllization of the basis randomization comb with R P and R C . Since the basis randomization comb with R C does not behave better than the one with R P for Hamiltonian dynamics with the terms of up to O(1/n), and the coherent terms of both cases coincide, we conclude that using the Clifford operators does not help in controllization of Hamiltonian dynamics. Moreover, the analysis of the terms with O(1/n 2 ) shows that the performance of the basis randomization with R C as approximate neutralization turns out to be worse than that of R P in general. Thus, it is enough to use R P for the task of controllization of Hamiltonian dynamics using the most coherently controlled basis randomization comb.
V. CONCLUSION
We have defined a controlled quantum operation of a general deterministic quantum operation based on two physical implementations and a set of axioms, Axiom 1, which coincide with each other. We then analyzed the coherence between the quantum operations on different control qubit states, and gave a characterization of the controlled quantum operations that maximize the coherence, which we call as the most coherently controlled quantum operation. This definition on quantum operation is extended to quantum combs, and we defined controlled quantum combs and the most coherently controlled quantum combs. The definition of the most coherently controlled quantum operation or comb can be generalized to the controlled two arbitrary quantum op-erations or combs, if one of them has a Kraus representation consisting of a single Kraus operator. It is an open question how to define and find the most coherently controlled two general quantum operations or combs. We note that it is also possible to consider a generalization to the case where the control system is a d-dimensional qudit, instead of a qubit, and applying different quantum operations or combs depending on the state of the control system.
We showed a relation between controlled quantum operations and controlled quantum combs, by introducing the neutralization combs. While the most coherently controlled quantum comb do not always implement the most coherently controlled quantum operation in general, we showed that this is possible by restricting the input quantum operations to be the same unitary operation, and show that if the unitary operation U represented by a unitary operator U is divisible to d products of U 1/d , the most coherently controlled neutralization comb provide an implementation of the most coherently controlled unitary operation of U. We also introduce approximate neutralization combs for Hamiltonian dynamics represented by a unitary operator U = e −iHt , implemented by the basis randomization combs with the Pauli operators and the Clifford operators. And we show that the most coherently controlled the basis randomization comb can be used for controllization of the Hamiltonian dynamics, which can be an infinitely divisible unitary operation. The (N − k)-slot quantum comb S (k) for k = 1, 2, · · · , N − 1 is defined by repeating this procedure.
